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Abstract

We study about the P’al-type interpolation on the roots of Ultraspherical polynomials along
with the boundary (Hermite) conditions placed at the endpoints of the finite interval [-1,1],
which gives a simultaneous approximation of a differentiable function and the function’s
derivative. The order of convergence depends only on the smoothness of the function. In

this paper, we study about interpolation on polynomials (along-with the Hermite boundary

k+1
conditions) where the nodes are the zeroes of Ultraspherical polynomialsp r(i—T )(5**5) and

pl+1yr . Pk : :
n—1 (-1‘) respectively. Here /= (_1,) represents the Ultraspherical polynomial of degree n.

Our focus is to find the existence, uniqueness, explicit representation, and order of
convergence of the interpolatory polynomials.
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Explicit form; Order of convergence
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Introduction

In P’al-type interpolation, we interpolate the function values on the zeros of polynomial,
w(x), while interpolation of the first derivative’s values is done on the roots of w’(x).
Whereas in the inverse P"al-type interpolation, the roles of w(x) and w’(x) are interchanged,
i.e. the values of derivative are interpolated at the roots of w(x) while the function values
are interpolated at the roots of w’(x). In easy words we can say that the derivative of our
interpolational polynomial interpolates the functions derivative values at the roots of w’(x).
This inverse type of interpolation aroused the question that under what conditions we can
work out the P’al-type interpolation on a simultaneous approximation of a differentiable
function and its derivative. In 2001, Lenard[3] interpolated the function values at the zeros

(k41)
of the polynomial P, (I) while the first derivative values were interpolated at the zeros

'l‘.
of the polynomial P, )("17) along with the Hermite (boundary) conditions on the interval [-1,
1]. Again in 2004, Lenard[4] did a study on the modified P"al-type interpolation problem on
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the zeroes of the Laguerre abscissas. Later, two pairwise disjoint sets, which were the zeros
of Pn(x) and ms(x) with two new additional conditions were discussed, while Srivastava[6]
in 2014 discussed about the interpolation process on the roots of the Hermite polynomials
on infinite interval. Further in 2013, Lenard[5] worked on the Pa’l-type interpolation
problem with two sets of nodes, where one consisted of the zeros of a polynomial Pn(x) (of
degree n), while the constituents of the other one are the zeros of £ (Jf) so we can say that
two different interpolatory conditions were prescribed simultaneously. In 2013, the (0;1)
P’al-type interpolation on mixed Tchebychef polynomials was investigated. Further, in
2017, the weighted (0,2) interpolation polynomials on the roots of all classical orthogonal
polynomials was discussed. In 2019, Yamini Singh and R.Srivatava[8] solved (0,1;0)
interpolation problem with special kind of boundary conditions on the roots of the
Ultraspherical polynomials.

In 1983 inverse Pal type interpolation problem was considered on the roots of integrated
Legendre’s polynomial. Then the func- tion values were consiered by toher authors to be
interpolated on the zeros of the polynomial P - n(k+1) (x) and the first derivative’s values

were interpolated on the zeros of the polynomlalpn (T) with the Hermite conditions on the
interval [-1,1].

Xie[10] studied the convergence of interpolation process for k = 0,

7(2) = Bonia (&3 )] = w(7; )00 ).....[11]

Xie and Zhou [9] proved for k=0, iffE C[-1,1],r2 2 for x € [-1,1], then
£(x) — Ryas (23 )| = O(1 ( 0. ) (%) 2

Problem

In this paper we study about the conditions which give the following interpolational
procedure on a simultaneous approximation to a differentiable function and its first
derivative. Let us assume that the set of the knots are given by:

—l=v, 1 <..<v <vf <vy=1(n=>2) (1)
where{vi }', ! and{?] }i2\' are the roots of the ultraspherical polynomials

P ;E.i)l ("")andﬂwz(ﬂ respectively. We now assume ao = 0 ,where ao is a real number different
from the mentioned interscaled system of nodal points viand vi* We can say that here exists
a unique polynomial Tm(v) on the knots (1). This polynomial Tm(v) has degree at most m,
where m = 2n+2k which
satisfies the following interpolatory conditions
Tm(vi) =yi;(i=0,1,2,..,n - 1), (2)
T, =y;(i=1,2,...,n=2) (3)

with the Hermite(boundary) conditions:
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Th(1) =yl (1=0,1,2,... k), )

whereVi: Y- Y1 and¥"1 are some arbitrary real numbers. Here k is a nonnegative fixed
integer. We have given the explicit formulae for the fundamental polynomials, the existence
and uniqueness of the interpolatory polynomial and the order of convergence along with
convergence theorems.

Preliminaries

;’.
Few well known results of the Ultraspherical Polynomial[1](4.2.1) represented bypf(a )('U)
k k,k
are given. Here P )(’i‘) =P )(i-‘) (k>-1Ln 20) and it satisfies the following properties:-

(1— v2) PR (v) = 20(k + 1)P_,Ek)f(u) +n(n+2k+1)PM () =0, (6)

])T(TA) (’“) = 2 Pn,—l )(IU) (7)
kol 1
—_ oz ta| PR ()] = i
|PF) (v)] = O(n*),v € [-1, 1] ®) (1 —v*)2 1| P (v)] O(ﬁ) 9)

Now, some properties regarding the fundamental polynomials of the Lagranges
interpolation are as follows:-

A. 7
P () (0 = vy) (10)

,}(’U) = 1)
_ plkiD (v3) (v — U*f)_ (11)

Also:

) (12)

where
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f(k) QQL: FQ(” + k + 1)) k
1 = ~ K
" I'(n+1) C(n+2k+1) l (13)
Bk _ 22k+1 MPrv+k+1)) ~1 (r>0
Y w2k + DT+ DI(w+2k+1) | =k (v=0) (14)
here k2 depends on k solely.
k
Also vi>v2 >, vawhich are the roots of P }('”) , satisfy the following conditions:
B (>0
1— '2 ~ e T )
k42
= (v; = 0)
PH ()]~ { T ;
(16) ‘ ! | (,,_IZ;L;:_HP (IJ' < O)

Explicit Representation of the Interpolatory Polynomial

We say that Tm(v) which satisfies (2) to (5) as:

n-1 n-2 k k+1
Tm(v) = XYj1(v)yj + XYj2(v)yj« + XY3(V)y100 + XYja(v)y-m1, (17)
j=0 j=1 j=0 j=0

where Yi1(v) is the fundamental polynomial of the first kind, while Y2(u) is the fundamental
polynomial of the second kind. Y3(u) and Ys(u) the fundamental polynomials which
correspond to the Hermite (boundary) conditions, each of degree atmost 2n + 2k. These
polynomials are uniquely determined using the following conditions: forj=0,1,2...n - 1

Yit(vi) =465, (i=0,1,2,...,n—1)
Yi(wj)=0, (i=12...,n-2)
v =0. (=01, k)

Y;_({'J(_l) =0, (I=0,1,....,k+1) (18)

forj=1,2..n-2
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(i=0,1,2,.,n - 1) (19)
Y (i=1,2,...n-2)

Yr2j(2v(i=v) =i) = 06, (I1=0,1,..,k)

(I=0,1,.k+1)
Yjien(1) =0,

Yien(-1) =0,

forj=0,1.k

}/3"(“% g (i=0,1,2..,n-1)

Y;’z (v}
y(1) =4, (= L2n=2)

" (1=0,1,.,k+1) (20)
forj=0,12,..k+1

Yig(vi)=0, (i=0,1,2,...,n—1)
Yi(vf)=0, (i=12,....,n-2)
YY1 =0 (=01,...k
YP(-1) =0 (=01, k+1) 1)

The explicit form of the polynomials is given by the succeeding lemmas.

Lemmal: Yji(v), the fundamental polynomial for j = 0,1,2,..n-1 that satisfies the
interpolatory conditions (18) is given by:

Yii(v) = B(v)+e PP (v) (1= 0?)" (142) /Ui k(t) — [ +E;E‘b—)gz) Py_y(t)] dt
(22) Where
2
! Préi—l(?'v*), (23)
and
b
? owlz(?"i), (24)
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and

—li (vi) + [P (vi) [ P (vi)]
Pnf (») (v =) PY5 (v3) (25)

C3 =

Lemma 2: Yj2(v), the fundamental polynomial for j = 1,2,..n - 1 that satisfies the
interpolatory conditions (19) is given by:

Yia(v) = ea(1 — 0*) 2 (1 +0)Pr_ (v )/' Li(t)dt
0

(26)
where
C4 1
o Pr (o) (1= vop2)F[(k + D)1+ vf) + (L= vf)] fy* Li(t)dt + (1 —v7?)(L + v)
(27)

Lemma 3 Yj3(v), the fundamental polynomial for j = 0,1,2....k that satisfies the interpolatory
conditions (20) is given by:

Vis(v) = (1=0) (140)* PE_ (0) Py (0)p; (0)+ (1 = v%) " PRy (0)gas1 (28)
where degree of pj(x) = k - j + 4 and degree of gn+1=n + 1.

Whereas gn+1is given by:
g = —PF_ (vi)pj(2)(1 + v) ™!
Jn+l — T

Lemma 4 Yj(v), the fundamental polynomial for j = 0,1,2..k+1 that satisfies the
interpolatory conditions (21) is given by:

Yia(v) =(1 =) (1 + v) Py (v) P ( ) (‘f')

9y k42 v { 'n ] —l_l ( )I)?i' 2( )}(h( .
(=) P [ (1+t)"+2f (=01, k+1)

Here “uj(x) and “vj(x) are uniquely determined polynomials of degree at most k —j + 2 and k
- j + 1 respectively and

1 — 2 k+2 P(k) v
Y.H» ( ) ( ) nfl(r)

(k + 2)126+2 0 (1)

JJor j=FkE+2
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Existence

Existence: By Lemma 1 to Lemma 4, it is evident that the polynomial Tm(v) satisfies the
conditions (2) to (5). So there exists an interpolatory polynomial Tm(v) of degree 2n + 2k.

Order of Convergence

Theorem 1: The first derivative of the first kind of fundamental polynomial on [-1,1] for n 2
2 and k > 0, holds as:

n

> (1) Va() = O (u)

j=1 . (30)
Proof: Differentiating (22) we get:

n-1

Z Y/ ()] = G+ G+ G (31)

, CLi(t) — [eg + es(t —v)) P (t)dt
Y}y = 20(0)l(v) + e Py (0)(1 — ')Hzf olt) e (.L.S(_ 0)? Sl
0 ’ 1

cotc vy ) P! c
+ 1 PY_y (v)(k +2)(—20)(1 — v?)FH [T Uk f(!( )2)1" =

V)—|Cs C3\UV—y k! v T — | €1 C;
+ (Tlpfl"il(y)(l _,UQ)!.:+2[I_;(L) [e2tea(v—vi) B0, ()] i (0)—[eates(—vi i) PR ]] (33)

(v—v;)? (vi)?

Here
(1= 20;(0)l}(v) + 1 Py (0) (1 — 0%)F+2 [. 5 ~ e +(:,3(t L_)( DB (0)d
(34)
G = Py (0)(k + 2)(—20)(1 — v*)"! /T Li(t) = [e2 + fagf— Z"f)Pffl(t)dt]
40 ((-’ L"t)
(35)
and
2+ es(v —v) Py (v 5(0) = [ea + es(—vi) P
G =P (v)(1- tz)f‘ﬂ{[( — e "('L.’(_(‘;%)Qf )P ()] 15(0) — e +(;i§2 vi) (0)]]

(36) .
By using the preliminaries (8), (9), (13), (14), (15), (16) and the decomposition (12) for I;(v)
we get:
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¢1=0(n'1/2) (37)
Similarly, we can find the values of {2and {3 as:

¢2=o0(n'1/2) (38)
and

{3=0(n%2). (39)

Hence the given theorem is proved.

Theorem 2: The first derivative of the first kind of fundamental polynomial on [-1,1] forn 2
2 and k > 0, holds as:

Z Yi,(v) =0 (ng/g)) (40)

proof: Differentiating (26),we get :

n—1

> VA = m+m +m

j=1
Viy(v) = ek +1)(1 = o) (—20)(1 + ) PE_, (v) f L®d s
Zv Zv
+c4(1 = v2)k+1Pnk-1(Vv) Lr(t)dt + c4(1 = v2)k+1(1 + v) Pnk-"1(v) Lr(t)dt
0 0
+c4(1 = v2)*+1(1 + v) Pnk-1(v)[Lk(v) = Lk(0)]
(42)
where
Zv Zv
n1 = ca(k+1)(1-v2)k(-2v) (1+v)Prk-1(v) Li(t)dt+(1-v2)k+1pk_1(v)  Lk(t)dt,
0
0 | (43)
no = cq(1 —v?) (1 + 'U)P,f'l(t')/ Ly(t)dt,
0 (44)
and
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N3 = cs(1 — )1 +0) P | (1')/ Ly.(t)dt.
0 (45)

By using the preliminaries (8), (9), (13), (14), (15), (16) and the decomposition (12) for
Li(v) we get:

ni=o(n’/?) (46)
Similarly, we can find the values of n2 and ns as:

n2= o(n%?2) (47)

and

n3=o0(n%?2). (48)

Hence the given theorem is proved.

Main Theorem

T n—2

Le(f)m = 2n+21fkc)md let {vi}7=1 and{vi }=1 be the root of the Ultraspherical polynomials
P2 (v) andPn—-z('f-’)respectively, iffeC-11] (rzk+1,nz

2r = k + 2), then the interpolatory polynomial
n-1 n-2 k k+1

Tm(vif) = XA0) Vi ()4 %F (Vi) Yz () + XA (1) Vs (v) + XA (- 1) Yia(w)

Jj=0 j=1 j=0 Jj=0

(49)
for x € [-1,1] satisfies
(@) = Toes Pl = w5 )00 7 H177) 50

where the fundamental polynomials Yi1(v),Yi2(v),Yj3(v) and Yjs(v) are
given in Lemma 1, Lemma 2, Lemma 3 and Lemma 4.

Proof. For Py(v), k= 0 we refer to [7], proved by Xie and Zhou and now we prove for the
case k = 1. Let f € C"[-1,1], then by the theorem of Gopengauz [2] we can say for every m >
4r + 5 there exists a polynomial pm(v) of degree at most m such that for j = 0,...,r

vV ]. — '?,’2 )"'_,f.l 1(f(") V ]. — UQ)
m T (51)

1F9 (v) — p) (v)] < M,.(
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where w(f(");.) represents the modulus of continuity of the function fi)(v). The constants My,

depend on r and j only. In addition,
FO(E1) = pi) (£1y (i =0..r).

By the uniqueness of interpolational polynomial Tm(v;f), it is clear that Tm(v;pm) = pm(v).
Hence for x € [-1,1]

|f ( ) m( )‘ < If (U pm I | m(l p”") T:n ( U; f)l
g ‘}L (U) pm(l’) +Z |f pm " || | ” l|fl(l' pm ’ |YTQ |

Using (48) and (51) and applying the estlmates (30) and (40), we obtain

|f(@) = T (s )] :“«-“(f(r);l)()(n”/?*r)

n ,
which is the proof of main theorem.

By using this main theorem and (1.1), we can give the conclusion of the convergence
theorem.

Conclusion

Let{“}n R vy are the roots of the ultraspherical polynomlalspn 1 (“)and

k+1) i’ .
PJ‘(L——; (v) respectively. iff € C*PLLL] M2 € Lipa, o > 3 then Twm(vyf) andln(vif)

uniformly converge to f(v) and f(v),respectively on [-1,1] as n = co where m = 2n+2k .Then
there exists a polynomial Tm(v) satisfying conditions (2) to (5), which is the required
polynomial.
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